M-theoretic construction of N = 2 gauge theories implies that the instanton partition function is expressed as the scalar product of coherent states (Whittaker states) in the Verma module of an appropriate two dimensional conformal field theory. We present the characterizing conditions for such states that give the partition function with fundamental hypermultiplets for SU (3) theory and SU (2) theory with a surface operator. We find the states are no longer the coherent states in the strict sense but we can characterize them in terms of a few annihilation operators of lower levels combined with the zero mode (Cartan part) of the Virasoro algebra L 0 or the sl(2) current algebra J 0 0 .
Introduction
The M5-brane is one of the fundamental dynamical objects in M-theory. Its dynamics is still mysterious, though the low energy effective dynamics is supposed to be governed by six-dimensinal N = (2, 0) superconformal field theory. More precisely we have ADE classification of N = (2, 0) theory in six dimensions and the world-volume theory of N +1 M5-branes gives the theory of A N type. A crucial problem is that such six-dimensional N = (2, 0) theory does not allow any Lagrangian description. But one may consider a compactification to supersymmetric gauge theories in lower dimensions by wrapping multiple M5-branes on a suitable manifold. For example, the compactification on S 1 gives five-dimensional N = 1 Yang-Mills theory.
The (twisted) compactification of the six-dimensional N = (2, 0) theory on a Riemann surface C gives rise to diverse N = 2 theories in four dimensions [1, 2] . Such N = 2 theories are therefore labeled by the Riemann surfaces, on which we can define conformal field theory (CFT). It is proposed the instanton partition function of the N = 2 superconformal theory agrees with the conformal block of an appropriate CFT on C [3, 4] . In this correspondence, the choice of N = 2 theory determines the chiral algebra of CFT, which controls the conformal block. Furthermore, for non-conformal (asymptotically free) cases it is expected that the partition function is expressed as the scalar product (or the norm) of appropriate states in the Verma module [5, 6] . This construction gives us a generalization of the conformal block in the sense that it has irregular singularities due to "irregular vertex insertions". For example, for SU(2) gauge theory which corresponds to the Virasoro algebra with generators L n , the instanton (Nekrasov) partition function of the pure Yang-Mills theory [7] is given by
where we introduce a state |G 0 in the Virasoro Verma module with the conformal weight ∆ and the central charge c by the conditions
The state |G 0 is called Gaiotto state and expanded in the dynamical scale parameter Λ of the pure SU(2) Yang-Mills theory.
In this paper we will consider the conditions that characterize such a state for asymptotically free N = 2 theories with fundamental matter hypermultiplets. This problem is largely motivated by the fact that the conditions (1.2) have indeed the following Mtheoretical origin. The pure SU(2) Yang-Mills theory is the world-volume theory of two M5-branes on a Riemann sphere CP 1 with defects at z = 0, ∞. Notice that these two defects correspond to the boundaries of D4-branes terminated on two parallel NS5-branes in the Hanany-Witten construction [8] . The low-energy dynamics can be collected into the spectral curve det(xdz − Φ) = 0 for a one-form field Φ on CP 1 ;
which gives the Seiberg-Witten curve. This curve is specified by a quadratic differential Tr Φ 2 = φ 2 (z) with poles at the insertion loci of defects. The point is that this quadratic differential is translated into the energy-momentum tensor T (z) = T zz (dz) 2 of CFT as G 0 |T (z)|G 0 ∼ φ 2 (z). By using the mode-expansion T zz = L n z −2−n and the proposed dictionary u ∼ ∆ of [3] , we can encode the information (1.3) of the defects into the conditions (1.2) for the state which describes the singularity at z = 0, ∞.
For pure Yang-Mills theories without matter hypermultiplets this story has been generalized to SU(N) theory and those with a surface operator [9] - [26] . In particular in [18] the conditions for the state whose norm gives the instanton partition function are proposed for SU(N) theory with a surface operator of general type. All these states are characterized as coherent states of generalized W algebra, since they are defined as a simultaneous eigenstate of the annihilation operators for the highest weight state of the Verma module. In mathematics such states are often called Whittaker states. It is a natural question if the characterization of the state as a Whittaker state is valid for asymptotically free theories with matter hypermultiplets. As far as we know, this problem is worked out only for SU(2) theory, where one can introduce another Gaiotto state |G 1 , m that satisfies 4) where m is the mass parameter and ǫ + := ǫ 1 + ǫ 2 is the sum of the Ω-background parameters, or the equivariant parameters of the toric action on C 2 . Then the partition function of N f = 1, 2 theory is given by
respectively 1 . These proposals are proved in [27, 28] . Unfortunately their proof works only for the Virasoro conformal block. In this paper we will generalize the definition of states like (1.4) into two directions. One is to make the rank of the gauge group higher and the other is to introduce a surface operator. Thus, we consider SU(3) theory and SU(2) theory with a surface operator. For SU(3) theory the chiral algebra on CFT side is W 3 algebra with generators L n and W n [4] , while it is the untwisted affine algebra A or sl(2) current algebra with generators J ±,0 n for the latter [11] . For the SU(3) theory with N f = 1 we find the following conditions; and |G 1 , m is annihilated by L n≥2 and W n≥2 . Thus, as in the case of SU(2) theory, the state |G 1 , m is still a coherent state of W 3 algebra, even if we add a fundamental matter.
However, for SU(2) theory with a surface operator, we obtain 
where j is the eigenvalue of the primary state and the Euler derivative with respect to √ x counts the total SU(2) spin. Due to the dictionary j = − If we consider the large volume limit of the space-like part; Vol (R 4 ) >> 1, we obtain a supersymmetric quantum mechanics on the instanton moduli space with the wavefunction
Let us further assume the time direction is a segment of length ℓ and put boundary conditions at t = 0 and t = ℓ which break half of the supersymmetry.
Then the partition function of our system is
where Ψ i,f is in the subspace of BPS states H BPS ⊂ H(M inst ) that correspond to the boundary conditions at t = 0, ℓ. We can identify Z SQM with the Nekrasov partition function, where e −ℓH gives rise to the parameter of instanton expansion by
The point here is that an appropriate generalized W algebra which is obtained by the Hamiltonian reduction of the sl(n) current algebra, acts (at least) on the BPS subspace H BPS and consequently it can be identified with the Verma module of the generalized W algebra 2 . The Hamiltonian of the quantum mechanics then acts on H BPS as the Virasoro zero-mode L 0 , so that the instanton expansion is just the level expansion on the CFT side. The corresponding CFT is obtained by taking an opposite limit 3 ; Vol (R 4 ) << 1, and we expect we can find the states in the Verma module which correspond to Ψ i,f .
These are our generalized Whittaker states. Note that the world sheet of this CFT is a cylinder and if S 1 shrinks it becomes a sphere with two puntures. We thus recover the sphere that appeared above in connection with SU(2) Seiberg-Witten curve. We expect such a curve would be related to the spectral curve of the Hitchin system in general. It 2 It is not necessarily irreducible. 3 This "compactification of R 4 " is materialized by introducing Ω-deformation [7] which localizes the field configurations to the origin.
is desirable to understand the conditions derived in this paper from the viewpoint of the 
One instanton computation of SU (3) theory
The AGT relation [3] between four-dimensional N = 2 SU(2) gauge theories and twodimensional Virasoro CFT is generalized by Wyllard to SU(N) gauge theories [4] . The instanton partition functions are then related with the conformal blocks for the non-linear conformal algebra W N . W 2 -algebra is precisely the Virasoro symmetry of the original proposal. In this section we study SU(3) theories in which case we know the explicit form of the commutation relations of the corresponding W 3 -algebra. Especially we focus on the SU(3) theory with N f = 1, 2 flavors and characterize the N f = 1 Whittaker state as a simultaneous eigenstate of lowest annihilation operators. As we will see in section 4 the case N f = N − 1 requires a redefinition of the W N currents and we should take care
of it in our definition of the coherent state.
W 3 -algebra and the level one Shapovalov matrix
W N -algebra is a kind of generalization of the Virasoro algebra. This algebra is generated by the energy momentum tensor T (z) and higher spin currents
This is the conformal symmetry of the Toda CFT of type A N −1 , as the Virasoro symmetry controls the Liouville CFT. In general, it is very hard to write down the explicit algebra of these currents with central extension. Fortunately, the explicit form of the W 3 -algebra, which is of our interest here, is known. We first review the basic facts on W 3 algebra mainly following [9] and fix our notations. The W 3 -algebra consists of the energy-
The commutation relations among the modes
where Λ n is a composite operator
Let us construct the highest weight representation of the conformal algebra. The resulting representation space is called the Verma module of the algebra. The highest weight state |∆( α) of W 3 -algebra is labeled by the Toda momenta α = (α, β) and satisfies 5) where the eigenvalues are
This highest weight state vanishes when we act the annihilation operators L n>0 and W n>0 .
The descendants in the Verma module, which are generated by acting the creation operators, are labeled by a pair of the Young diagrams
Here we adopt the notation
With this basis of the Verma module, the Shapovalov matrix at level N is defined by the following Gram matrix
∆ . In the following let us denote the components of level one matrix and its inverse as
where the indices mean L = { , φ} and W = {φ, }. They are explicitly given by [9] 
where
The level-N Kac determinant is given by the determinant of the Shapovalov matrix det Q
∆ . At level one, the Kac determinant can be factorized as it should be;
If we use the following identification of parameters of CFT and SYM side 4 [9] ,
we have
, (2.14) 4 We have rescaled by √ −ǫ 1 ǫ 2 to make the parameters on CFT side dimensionless.
where a ij := a i −a j and ǫ + := ǫ 1 + ǫ 2 . Notice that this is proportional to the denominator of the one instanton part of SU(3) Nekrasov partition function. We use this property to determine Whittaker states up to one instanton. We also have
As we will see these factors appear in the numerator of the partition function.
Whittaker state of W 3 algebra
Let us consider a Whittaker vector of W 3 algebra in the Verma module over the highest weight state |∆( α) . Our final goal is to construct such states whose scalar product gives the instanton partition function 16) where k labels the instanton number. See Appendix A for details of the instanton partition function. Actually, the states in the right hand side of (2.16) belong to the SU(3) theory with n fundamentals and N f − n anti-fundamentals in our convention. Since the instanton number on the gauge theory side corresponds to the level in the Verma module [5] , among the annihilation operators L n>0 , W n>0 the relevant ones for the one instanton partition function are L 1 and W 1 . Hence we introduce a simultaneous eigenstate; 17) and expand it in the Verma module as
we find the equations that determine the coefficients c L,W :
Hence the norm up to level one is
On the other hand the one instanton part of the SU(3) Nekrasov function takes the following form;
While the numerator z (N f ) depends on the number N f of matter hypermultiplets, the denominator is independent of matter contents and given by
If we have a matter in the fundamental representation with mass m (see Appendix A for our convention of matter contribution to the instanton counting),
Here we use (2.15) to get the second equality. Hence
is the one instanton partition function in the CFT language. Comparing it with
we find
where we take q 0 := ±
for the Whittaker state of the pure SU(3) theory [10] . The N f = 1 Whittaker state is then
From the viewpoint of the decoupling construction to be discussed in the next section, it is natural to associate the Whittaker ket-vector G 1 , m| = q L , q W | with anti-fundamental matter.
2.3
N f = 2 theory
When N f = 2 we have to consider two cases; in the symmetric realization one is fundamental and the other is anti-fundamental. In the asymmetric realization both are in the fundamental representation. These two cases correspond to n = 1 and n = 0, 2 of (2.16) respectively. The numerator of the one instanton partition function is
for the asymmetric choice. By substituting m 2 → ǫ + − m 2 we obtain
for the symmetric choice. Using (2.15), we can rewrite the first line of the equation into a CFT quantity. The second line also has the following simple expression;
Hence, for symmetric realization, the one instanton partition function is
and we have
at one instanton level. For the anti-symmetric realization we should have
W depends on the Coulomb moduli a 1,2 . The N f = 2 Whittaker state up to level one is therefore
W . By substituting m i → ǫ + − m i we obtain the eigenvalues for the anti-fundamental matters;
| is the Whittaker state for two anti-fundamental matters. In the next section we will see that |q We can check that the one instanton partition function with N f = 3, 4 can be reproduced from the Whittaker states we have obtained. Namely
, which arises from a remnant of the U(1)
).
Comment on N f = 0 theory
The decoupling limit m → ∞ and mΛ 2 → Λ 3 of (2.24) leads to the Whittaker state |G 0 := |0, q 0 for the pure SU(3) Yang-Mills theory. This is an eigenstate of W 1
and annihilated by L n≥1 and W n≥2 . The solution to the condition is given by [10] as
In the next section we will generalize this expression for the Whittaker states with N f = 1, 2 flavors. The expression (2.40) also appeared in [23] , however the pre-factor 27/4 + 15(ǫ 2 + /ǫ 1 ǫ 2 ) was missing in the eigenvalue. This is because they use another normalization of the generators W n . Their normalization is natural in the free-field construction of W -algebra and this convention would be useful to extend our argument to generic gauge groups.
Decoupling limit and generalized Whittaker state
In the last section we assumed the existence of a Whittaker state of W 3 algebra and determined simultaneous eigenvalues of L 1 and W 1 by comparing the scalar product with the one instanton partition function of SU(3) theory with N f ≤ 4. In this section we will investigate the agreement at higer levels or instanton numbers by identifying the Whittaker state in the decouling limit from the superconformal theory with N f = 6, where the AGT-W relation tells that the Nekrasov partition function agrees with the conformal block of the Toda theory of A 2 type 5 . From the commutation relations of W 3 algebra one may argue that additional non-vanishing eigenvalue is allowed only for L 2 even at higher levels, since L n≥3 and W m≥2 are written as (multiple) commutators of L 1 , L 2 and W 1 . We will see this is the case for N f = 1 (actually the eigenvalue of L 2 vanishes). However, it turns out that the state for N f = 2 should have non-vanishing eigenvalues of W 2 and W 3 . In this sense the N f = 2 Gaiotto-like state in SU(3) theory cannot be a genuine Whittaker state and we will call it generalized Whittaker state. An ingenious mechanism to give non-zero eigenvalues of W 2 and W 3 will be made clear by studying W 1 action on the state. In the next section we discuss the origin of non-vanishing eigenvalues of W 2 and W 3 from the viewpoint of Seiberg-Witten curve.
5 Note that the agreement is still a conjecture and we asuume it in this section.
Decoupling limit of W 3 conformal block
We consider the SU(3) theory with N f = 6 flavors. Following [29] , we take six hypermultiplets in anti-fundamental representation 6 . In this case the AGT-W relation is a correspondence between this superconformal SU(3) theory and the A 2 -type Toda CFT on the Riemann sphere with four punctures. Two A 2 -Toda momenta α 1,2 = (α 1,2 , β 1,2 ) and three mass parameters µ 1,2,3 for the anti-fundamentals are related through the dictionary of Wyllard that generalizes the AGT relation [3] ;
Notice that in this section all the gauge theory parameters are dimensionless by scaling out their overall mass scale with
be the simple puncture of [2] , and the corresponding primary state will be of semi-null type [4] with momentum β 1 = −Q/2. See [4, 9] for details. The anti-fundamental masses µ 4,5,6 are given by the remaining Toda momenta α 3,4 through a similar relation:
Now α 3 corresponds to the simple puncture. The proposal of AGT-W is that the instanton partition function is precisely equal to the W 3 conformal block of the sphere with four punctures α 1,··· ,4 :
where Q −1 ∆( α) denotes the inverse of the Shapovalov matrix. Here the building blocks V V V Y , α and V Y , α |V V are the spherical three point conformal blocks which include a descendant field insertion. See [29] for more details. 6 This is just to make our argument parallel to that of [29] . We can easily get the answer for fundamental representation by replacing mass µ with ǫ + − µ. Let us consider the decoupling limit of a single anti-fundamental hypermultiplet µ 1 and three anti-fundamentals µ 4, 5, 6 . This is done by taking infinitely-massive limit of these matter fields. To get a non-empty theory after this limit, we also have to scale the gauge coupling constant of the theory correctly. Thus the decoupling limit to N f = 2 theory is
where q = e 2πiτ is the coupling constant of N f = 6 theory. Λ N f =2 is the dynamical scale of the gauge theory with two flavors. We can translate this procedure into a scaling limit of the conformal block through the dictionary (3.1) and (3.2). Since the full-decoupling limit µ 4,5,6 → ∞ of the anti-fundamentals was discussed in detail in [10] , we focus on the decoupling limit of the hypermultiplet µ 1 → ∞. In the language of Toda CFT, this limit means
From (2.6) and (2.7) the conformal dimensions for the external vertex operators are given by the Toda momenta as
From these expressions we can determine asymptotic values of the three point functions V V V in the decoupling limit A → ∞.
The key ingredient in our computation is the recursion relations for the three point conformal blocks which were developed by Russian group [29] :
where Y , α is the label for the descendants. Since we choose the external state V 1 as a semi-null state, the action of W −1 on the primary is given by
Our current interest is in the behavior of these three point functions in the limit µ 1 → ∞.
On the CFT side, this is the heavy momenta limit α 1,2 → ±∞ with fixed C. Since the external momenta are very large ∆ 1,2 , w 1,2 >> ∆ Y , α , the asymptotic behavior of these three point function is then given by
In the following, we show that the dominant contributions in the decoupling limit come from L −1,−2 and W −3,−2,−1 . The asymptotic values of the following factors in (3.13) and (3.14) are crucial in our analysis:
It is easy to see the following behavior of f n in the limit;
gives the dominant contribution A 2r+s = A ℓ to the conformal block in the decoupling limit. Similarly the behavior of the W -descendants is controlled by 
These are the three point functions for the descendants labeled by
. Therefore only the contributions from these indices survive in the scaling limit of the conformal block. The decoupling limit of the anti-fundamental hypermultiplets µ 4,5,6 → ∞ implies the following asymptotic value of the remaining three point function [10] :
This dominant term comes from the special descendant
In this way we find that the irregular conformal block for N f = 2 takes the form
6n−12p−5q−8r−3s
Up to overall normalization these are nothing but q
L,W in the previous section. Notice that we use µ 1 ∼ − √ 3A to take the decoupling limit. The above formula is an explicit expression of the irregular conformal block for N f = 2 theory. The level-one part of the 7 The U (1) factor Z U(1) gives a trivial contribution in the decoupling limit.
irregular conformal block is
In Appendix B, we show that this function actually reproduces the one-instanton partition function of SU(3) gauge theory with N f = 2 flavors.
N f ≤ 2 Whittaker states
Recall that the irregular conformal block for the SU(3) theory with N f = 2 antifundamental flavors is the scalar product of the Whittaker states for N f = 2 and N f = 0;
The expression for the irregular conformal block (3.20) therefore tells the following Gaiotto-like states for W 3 -algebra:
3n−12p−5q−8r−3s
where (x) n := x(x + 1) · · · (x + n − 1) is the Pochhammer symbol. There is an ambiguity of overall sign ± in front of Λ in the definition of Whittaker states and in this section we choose + sign for simplicity. From (3.26) we obtain the following conditions for the N f = 2 Whittaker state |G 2 , m 1 , m 2 (=: |G 2 ) for anti-fundamentals;
and |G 2 is annihilated by L n≥3 and W m≥4 . Change the masses m 1,2 into ǫ + − m 1,2 to get the result for fundamental hypermultiplets. See Appendix C for a derivation of these equations. Actually as we will see below the last two conditions for W 2,3 follow from the first three conditions. Note that, up to one instanton, the conditions (3.27) and (3.29) agree with (2.34) and (2.35), respectively. To see this, let us recall that the Whittaker state is the following superposition of the states in the Verma module 33) where |n, ∆ is explicitly given by (3.26) . The action of L 0 involves therefore the following
Euler derivative with respect to the dynamical scale
together with the eigenvalue ∆ of L 0 on the primary state |0, ∆ . This ∆-term is the origin of the Coulomb moduli dependence of the "eigenvalue" of the level one Whittaker state |q
W : Let us consider the further decoupling limit of the Whittaker state (3.26) to N f = 1.
By applying the limit m 2 → ∞,
2 , the state (3.26) reduces to
Thus, in the case of N f = 1 the eigenvalues of L 1 and W 1 , which have been fixed at level one in section 2, completely characterize the Whittaker state. The coherent condition for N f = 1 no longer involves the Euler derivative and |G 1 , m is therefore a conventional
Whittaker state for L 1 and W 1 . In addition, the eigenvalues are independent of the Coulomb moduli parameters. Finally the 
Whittaker states from the Seiberg-Witten curve
As we have seen in the last section N f = 2 Whittaker state of SU(3) theory has nonvanishing eigenvalues of W 2 and W 3 . In this section by looking at the Seiberg-Wiiten curve we argue that when N f = N − 1 we have to redefine the W N currents to remove the U(1) current. The non-vanishing eigenvalues of higher modes come from a contribution from the U(1) part.
The Seiberg-Witten curve of SU(N) theory with N f fundamental matter is [30, 31] 
If we substitute λ = xz, we obtain
which may be compared with the Gaiotto curve
When N f = 0, our curve is
Thus we find 6) and
Following Gaiotto [3, 5] , we want to identify φ n (z) with G 0 |W (n) (z)|G 0 / G 0 |G 0 in the limit ǫ 1,2 → 0, where |G 0 is a Whittaker state in the Verma module. The mode expansion of the spin n current is
m . Hence we should have
and 
Let us see how it works for SU(2) case where the curve is
The condition for the Gaiotto-Whittaker state |G 1 for N f = 1 is
and 8 Notice that the second condition of (4.9) implies G 0 |W (ℓ) 1 = Λ N G 0 | since the conjugation is now defined as W † n = W −n . 9 The mass term in the eigenvalue is actually corrected by ǫ + dependent term as we saw in the previous section. We can fix it by comparing the state with one instanton partition function. In this section, we neglect ǫ + shift of mass parameters.
Then the condition for the Gaiotto-Whittaker state in terms of the new Virasoro generator is
where we have assumed J 0 |G 1 = 0. We recover the original form proposed by Gaiotto [5] .
Recall thatx 2 =xĴ(z) +L(z) describes the "quantum Seiberg-Witten curve" [3] because the expectation value of this CFT operator gives the classical curve of the corresponding gauge theory. The modification of the energy momentum tensor (4.14) is thus equivalent to the completing square of the curve (x +Ĵ(z)/2) 2 = (x +Ĵ(z)/2)Ĵ(z) +L(z). Hence, after decoupling the center-of-mass degrees of freedom, the modification (4.14) is induced and the Whittaker state becomes a simultaneous eigenstate of L 1,2 .
Let us do the same with N = 3 and N f = 2. The curve is
The condition for the Whittaker state |G 2 for N f = 2 is therefore
17)
and again we put
Now as before let us consider the following redefinition of the currents; Assuming J 0 |G 2 = 0, we find the condition for |G 2 in terms of the new generators
The eigenvalue of W 3 must be γ = 2αβ/3 so that L n and W m form the closed W 3 -algebra again. In section 3, we observed that when N f = 2 the action of W 1 on the Whittaker state involves the Virasoro zero mode which leads to the moduli parameter a 1,2 dependence. We see this fact comes from the remnant of U(1) current. The parameters α, β, γ can be fixed by comparing it with the Nekrasov partition function, or by estimating the decoupling limit from the superconformal theory as we have done in the last section.
These parameters should also be fixed by completing cube of the original curve which eliminates the quadratic term in x. This is because the completed curve must be consistent with the original one including the U(1) degrees of freedom. We should emphasize that there are "quantum corrections" by the Ω background ǫ 1 and ǫ 2 . In principle, these ǫ dependences would be fixed by comparing the expectation values of currents W (n) with those of gauge theory operators tr Φ n in the presence of Ω background.
SU (2) theory with a surface operator
In this section we consider the instanton partition function in the presence of the surface operator which gives a codimension two defect. Such an operator is realized by imposing the boundary condition in performing the path integral as (2) theory without the surface operator, we have
where 2) denotes the instanton partition function with the surface operator. Actually this description through the Virasoro degenerate field is believed to correspond to the surface operator of simple type [33] . Note that since there is a Φ 1,2 (x) operator insertion in the numerator, the states |G 0 , ± and |G 1 , ±, m should be in the Verma module over the primary field with the conformal weight ∆(a ± 1 4b
In this approach the mode expansion parameter x of the degenerate field Φ 1,2 (x) gives the monopole expansion parameter. On the other hand it was shown in [11] that the same partition function can be obtained from the conformal block of the affine sl(2) algebra.
This affine CFT describes the surface operator of full type [11] . It is this second approach that we will take in this section . Since the surface operator of simple type and of full type coincide for SU(2) theories, we expect both descriptions give the same result. As we will see in the next subsection the monopole expansion parameter x comes from the SU(2) spin variable that is carried by the primary fields.
Review of pure Yang-Mills case
As argued by Alday-Tachikawa the SU(2) instanton partition function with a surface operator is related to affine sl(2) conformal blocks [11] . For instance, the relation for the superconformal gauge theory with N f = 4 flavors takes the form
where V j is the vertex operator with spin j. 1 j is the projection operator on the Verma module spanned by V j , and K(x, z) is the Alday-Tachikawa K-operator introduced in [11] . The basic dictionary between gauge theory side and CFT side is
where a 1 = −a 2 = a as usual, and k is the level of the affine algebra. µ 1,2 and µ ′ 1,2 are the mass parameters for fundamental and anti-fundamental matters. The point in [11] is that the conformal symmetry which controls the corresponding gauge theory will change if we introduce a surface operator on the gauge theory side. By introducing a surface operator, the Virasoro algebra is replace by the (untwisted) affine sl(2) algebra with the commutation relations;
We can construct the Verma module of the affine sl(2) algebra as the highest weight representation of it. The highest weight state |j satisifies
Recall that the instanton partition function of an asymptotically free gauge theory is believed to be equal to the norm of the corresponding Whittaker state. As we will see soon, this correspondence will be extended to theories with surface operators. For the pure SU(2) Yang-Mills case the Whittaker state is explicitly constructed in [12] (see also
Braverman-Etingov [13, 14] ) as follows;
where z and x are identified with the parameters that count instanton and monopole number, respectively, on the gauge theory side. In terms of the inverse of the Shapovalov matrix Q j (n ′ , A ′ ; n, A) of the Verma module on |j , the Whittaker state is expanded as
is a basis of the Verma module 10 and
is a special state with level p and spin p − n + j. On the gauge theory side p counts the instanton number and n − p counts the monopole number. The norm of the Whittaker state |x, z; j is computed as follows;
x, z; j|x, z; j
Thus we should compare (n, p; n, p) component of Q
−1
j with the partition function in the sector with instanton number p and monopole number n − p. In [12] , it is checked for special values of instanton and monopole numbers that the irregular conformal block of the Whittaker state gives the instanton partition function with a surface operator
We will extend this relation to SU(2) theory with fundamental flavor. As a biproduct, we find that the proposal of [12] follows precisely from the decoupling limit of AldayTachikawa conjecture.
Decoupling limit of affine conformal block
As we see in section 3 for SU(3)-W 3 case, the decoupling limit of fundamental hypermultiplets leads to the Whittaker states for asymptotically free gauge theories. This idea also works for the gauge theories with a surface operator. In this section, we construct the Whittaker states by applying the decoupling limit to the correspondence (5.5) between 10 The ordering is J A −n sits left of J
the instanton partition function with a surface operator and the affine conformal block.
The four point conformal block in question is
The vertex operator associated with the primary state satisfies 17) where the representation of sl (2) on the primary state is defined by
We introduce the following three point spherical conformal blocks for later consideration;
These three point blocks are the basic building blocks of the above affine four point function B.
We move on to explicit computation of the four point function in asymptotically free gauge theory case. In order to compute the decoupling limit, let us derive the explicit expression of the three point function. Since the action of the operator J 0 0 is given by
the three point conformal block satisfies the differential equation which determines the
The total charge is defined by Q := i A i . This equation and the action of L 0 give the following x-and z-dependence of the block
Here we introduce ρ(j 1 ; j 2 ; n, A, j 3 ) := ρ(j 1 ; j 2 ; n, A, j 3 | 1, 1).
The following is the derivation of the ρ(j 1 ; j 2 ; n, A, j 3 | 1, 1) part of the three point block. In order to determine an explicit form of the function, we employ the recursive structure for the labels of the descendants 24) where the coefficients are given by
When normalizing the three point function as ρ(j 1 ; j 2 ; j 3 ) = 1, the recursive relation leads to the following explicit expression of the three point conformal block:
Here a, b and c are the number of J + , J 0 and J − in the descendant |n, A; j respectively 11 .
Notice that we can rewrite the arguments by using gauge theory parameters:
Let us proceed to the computation of the decoupling limit of a single hypermultiplet µ 1 while keeping µ 2 finite. In the decoupling limit µ 1 → ∞, the three point block behaves
For a fixed charge Q = a − c and level N = i,q n q i , the dominant contribution in the limit comes from the descendants with n 
11 Recall [ * ] n denotes the Pochhammer symbol.
The irregular conformal block takes the form
so that the decoupling limit µ → ∞, µ √ z → √ z with fixed x implies the following formula for the Whittaker-like state with one flavor
We derive the coherent condition for the state in the following. Actually this state is not genuine Whittaker state, and it turn out to be of generalized type.
Notice that by applying an additional decoupling limit m → ∞, the generalized Whittaker state |G, m reproduces the proposal of [12] for pure SU(2) Yang-Mills theory:
This result is exactly equal to (5.12).
Generalized Whittaker state from the decoupling
From the computation of a decoupling limit in the last section, the Whittaker-like state with a matter hypermultiplet is identified with (5.30) . From the Shapovalov matrix of level zero, we find the level zero part of the state is
which means
Hence |G 1 , m cannot be an eigenstate of J + 0 .
Since any state in the Verma module is expanded as
at each level N, |G 1 , m is orthgonal to the subspace spanned by those states other than
Hence among the annihilation operators J 
By using (5.36) we can easily see n, A; j|J
is satisfied, the Whittaker state is precisely the eigenstate of J A n :
This idea also works for the case when C is a differential operator acting on |G 1 , m .
Hence, the relations (5.38)-(5.40) leads to the following relations; 
since the eigenvalue of J 0 0 on a descendant is j + A i . We can therefore rewrite the first condition (5.42) into the following form
In the right hand side, we have the zero-mode contribution J 0 0 as the case of the W 3 algebra, and therefore |G 1 , m is also of our generalized type introduced in section 3.
The appearance of the zero-mode enables us to impose the eigenstate condition of J
This is the very same phenomenon that we saw in section 3, where L 0 makes it possible for the state to be a simultaneous eigenstate of some annihilation operators. These examples suggest that we have to introduce the generalized Whittaker states of conformal algebras for studying AGT-W correspondence in more generic set-up with matter fields.
12 Note that the rescaling √ z → √ z/ǫ 1 makes the parameter z dimensionless.
We can check the level zero part of the Whittaker state (5.33) satisfies (5.42) explicitly.
we obtain
On the other hand
This shows that (5.33) satisfies (5.42).
Suppose we have the following states at level one 13 ;
2k |k; n, j , (5.51)
then the scalar product of them is
(a n b n + b n a n )Q For pure Yang-Mills, we have a n = √ z
n , a n = 0 and for N f = 1 we take
We expect one instanton part of the partition function agrees with
Using the "dictionary"(5.6) for k and j, we see
After a redefinition
which agrees with the computation in [15] , where we keep 2M 2 ≡ m finite in the decoupling limit. We summarize the result of this decoupling limit in Appendix E.
For general n ≥ 1 the coefficient of
where the components Q −1 ij (n) of the inverse of the level one Shapovalov matrix are given in Appendix D. After the redefinition (5.57) we can check an exact agreement of (5.59) with the result of the same decoupling limit in Appendix E.
Conclusion and discussion
For N = 2 superconformal gauge theories in four dimensions, the AGT-W conjecture claims the equivalence between the instanton partition functions and the conformal blocks of corresponding CFT. Pure Yang-Mills theory also has a natural formulation in terms of CFT: the partition functions are given by the norms of certain coherent states of the conformal algebra of the CFT. Such a special state in the Verma module is called the Whittaker state. Between these two extreme cases, there exists a series of the asymptotically free gauge theories with hypermultiplets. So far, the CFT formulation of these series was studied only for SU(2) gauge theory without a surface operator. We therefore tried to make the generic feature of the 4d/2d correspondence clear by studying asymptotically free gauge theories with fundamental flavors.
Our strategy we adopted in this paper is as follows; we start with assuming the AGT-W relation for superconformal cases N f = 2N c . Then the decoupling limit leads to irregular conformal blocks which is expected to be equal to the instanton partition functions of asymptotically free gauge theories. We regard this conformal block as the norm of a certain state in the Verma module. For pure Yang-Mills theories, this is just the Gaiotto-Whittaker state and our results provide a generalization to the case with fundamental matter. We have worked out the conditions that our state satisfies and introduced the notion of the generalized Whittaker states. Namely for the SU(3) gauge theory with N f = 2, we found a little non-familiar relation:
Similarly, for SU(2) gauge theory with a surface operator, N f = 1 flavor is encoded into the state |G 1 , m that is characterized by the conditions with the zero mode J 0 0 of the sl(2) current algebra. These two examples suggest the generality of the existence of the generalized Whittaker states in CFT description for gauge theories with flavors.
In section 5, we saw that the scalar product of the generalized Whittaker states G 0 |G 1 reproduces the instanton partition function for SU(2) theory with N f = 1 flavor.
The irregular conformal block G 0 |G 0 also gives that for pure Yang-Mills. Note that an explicit combinatorial formula for the same partition function Z (S),N f =0 SU (2) of the Yang-Mills theory was proposed in [34] . Though this combinatorial formula is essentially based on another description (5.2) of surface operators which realizes them as the degenerates field of Virasoro CFT, we can see in the lower order of the instanton expansion this approach implies the same answer as the affine Whittaker state gives. It would be interesting to study such an equivalence between affine Whittaker states and Virasoro Gaiotto states with Φ 1,2 for the theory with flavors and extend the combinatorial formula to these cases.
We may be able to define the generalized Whittaker states for more generic chiral algebra of CFT such as W -algebra. As argued in section 4 the M-theoretic construction of SU(N) theory suggests that the Whittaker-like state for N f = N −1 flavors would be of the generalized type. Let us consider a simultaneous eigenstate for W N algebra:
n+m , we can impose the following conditions:
Actually, all conditions must be consistent with the commutation relations of modes of currents, which are nonlinear and very complicated. It will be very cumbersome to write down the full series of the consistent conditions, but we expect it is doable in principle.
They will provide the irregular conformal blocks which coincide with instanton partition functions for more generic SU(N) gauge theories. We also expect such generalized Whittaker states exist for BCDEFG gauge groups [23] and it is an interesting challenge to carry out these extensions. In section 3, we apply the decoupling limit to the derivation of the Whittaler states. The decoupling limit is also useful to simplify the check of Wyllard's proposal because the original set-up is too complicated to verify by explicit computation.
At one instanton level, the Wylalrd conjecture suggests the relation between the 1-instanton partition function Z k=1 for the SU(3) superconformal SQCD and the level-1
for the following U(1) factor [9]
In the 2-flavor limit
the U(1) factor disappears, and we expect the following relation for the 1-instanton sector of SQCD with two anti-fundamental flavors
This relation must hold if the Wyllard conjecture is true. Let us prove it.
B.1 1-instanton Nekrasov partition function
The one-instanton partition function of the SU(3) gauge theory with two anti-fundamentals
where a ij = a i − a j for i, j = 1, 2, 3. For the self-dual Ω-background ǫ + (= Q) = 0, the partitin function becomes very simple
We can easily check that this result recovered from the CFT side only by hand.
B.2 Level-1 irregular conformal block
The level-1 conformal block is
Let us take the 3-flavor limit µ 4,5,6 → ∞ first. By using the result in [10] , we get
Then by applying the 2-flavor limit lim Of course this result is consistent with the generic formula we get in section.3. By setting Q = 0 we recover the gauge theory result (B.6). We can also check the generic case Q = 0. .
(E.5)
The one instanton partition function Z (S),N f =1 SU (2),k=1 is the sum of the above contributions and a formal power series in x. Note that the number of the fixed points is reduced for lower monopole numbers m = −1, 0.
